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a b s t r a c t
This paper applies the variational iteration method to solve fifth-order boundary value
problems; just one iteration results in highly accurate solutions. A comparison of the results
with exact ones is made to confirm the validity and efficiency.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
With the rapid development of computer science, it is very easy to find the solutions of linear equations by means of
computers; however, it is still difficult to solve nonlinear problems either numerically or theoretically. Since the 1960s,
nonlinear science has attractedmuch attention, andmany analytical asymptoticmethods have been proposed for addressing
nonlinear problems. Recently, the variational iteration method [1–5] has been shown to solve effectively, easily, and
accurately a large class of nonlinear problems with approximations converging rapidly to exact solutions. Most authors
found that the shortcomings arising in the Adomianmethod can be completely eliminated by using the variational iteration
method [6–10].
The following fifth-order boundary value problems arise in themathematicalmodeling of the viscoelastic flows and other
branches of mathematical, physical and engineering sciences [11–14]:
y(v)(x) = f (x, y, y′, y′′, y′′′, y(iv)) (1)
with suitable boundary conditions:
y(a) = A1 y′(a) = A2 y′′(a) = A3 y(b) = B1 y′(b) = B2
where f is continuous function on [a, b], and the parameters A1, A2, A3, B1, B2 are real constants.
In this paper, we develop He’s variational iteration method [1,2,15,16] by means of the computer for solving the system
(1). It is shown that this method is very easy to implement and it is more efficient than using sixth-degree B-spline
functions [11]. An example is given to illustrate the performance of this method.
2. Iteration formulation and example
In this paper, we consider the following general nonlinear system:
u(n) + f (u, u′, . . . , u(n)) = 0. (2)
According to the variational iteration method, we can construct the following iteration formulation [15]:
un+1(t) = u0(t)+ (−1)n
∫ t
0
1
(n− 1)! (s− t)
n−1f (un, u′n, u
′′
n, . . . , u
(n)
n )ds. (3)
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Table 1
Error estimates (Error = exact solution− numerical solution).
x Exact solution y(x) Error (variational iteration method) Error (sixth-degree B-spline method) [11]
0.0 0.0000 0.0000 0.0000
0.1 0.0995 0.188E−4 −8.0E−3
0.2 0.1954 1.077E−4 −1.2E−3
0.3 0.2835 2.477E−4 −5.0E−3
0.4 0.3580 3.729E−4 3.0E−3
0.5 0.4122 4.202E−4 8.0E−3
0.6 0.4373 3.643E−4 6.0E−3
0.7 0.4229 2.364E−4 −0.000
0.8 0.3561 1.158E−4 9.0E−3
0.9 0.2214 0.876E−4 −9.0E−3
1.0 0.0000 0.0000 0.0000
Now we can take u0(t) with some confirmable parameters; substituting it into (3), we get u1(t). Repeating, we can get
u2(t), u3(t), . . . , un(t). Using the boundary conditions, the values of the parameters can be determined. It is noticeable that
the above processing is managed by the computer.
To illustrate the implementation of this method, we consider the same examples as in Wazwaz [17].
Example 1. The linear BVP
y(v)(x) = y− 15ex − 10xex, 0 < x < 1 (4)
with boundary conditions
y(0) = 0 y′(0) = 1 y′′(0) = 0 y(1) = 1 y′(1) = −e. (5)
Suppose
y0(x) = 1+ (A+ Bx+ Cx2 + Dx3 + Ex4)ex (6)
and
f (x) = −(y0 − 15ex − 10xex) (7)
where A, B, C,D, E are confirmable parameters.
According to Eq. (3), we get
y1(x) = y0(x)+ (−1)5
∫ x
0
1
4! (s− x)
4f (s)ds. (8)
Using the computer, we have
y1(x) = [2Ex4 + (2D− 20E)x3 + (2C − 15D+ 180E)x2 + (2B− 10C
+ 90D− 840E − 10)x+ 2A− 5B+ 30C − 210D+ 1680E + 35]ex
+ 1
120
x5 +
(
− A
24
+ B
24
− C
12
+ D
4
− E + 5
24
)
x4 +
(
−A
6
+ B
3
− C + 4D− 20E − 5
6
)
x3
+
(
−A
2
+ 3
2
B− 6C + 30D− 180E − 15
2
)
x2
+ (−A+ 4B− 20C + 120D− 840E − 25)x− A+ 5B− 30C + 210D− 1680E − 34. (9)
Using the boundary conditions (5), we have
A = −1 B = 2 C = −1.5 D = 0.1416 E = 0.0518.
Therefore,
y1(x) = (0.1036x4 − 0.7528x3 + 4.2x2 − 21.768x+ 35.288)ex + 0.0083x5
+ 0.4419x4 + 1.0304x3 − 0.076x2 − 12.52x− 35.288. (10)
The exact solution of the system (4) and (5) is
y(x) = x(1− x)ex. (11)
From Fig. 1, it is clear that y1(x) nearly equals y(x). Table 1 exhibits a comparison between the errors obtained by using
the variational iteration method and by using the sixth-degree B-spline method [11]. From this table, it is clear that an
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Fig. 1. Comparison of the exact solution (y(x)) (continuous line) with the numerical solution (y1(x)) obtained by using the variational iteration method
(star line).
Table 2
Error estimates (Error = exact solution− numerical solution).
x Exact solution y(x) Error (variational iteration method) Error (sixth-degree B-spline method) [17]
0.0 1.0000 0.0000 0.0000
0.1 1.1052 0.0000 −7.0E−4
0.2 1.2214 1.0E−5 −7.2E−4
0.3 1.3499 1.0E−5 4.1E−4
0.4 1.4918 1.0E−4 4.6E−4
0.5 1.6487 3.2E−4 4.7E−4
0.6 1.8221 3.6E−4 4.8E−4
0.7 2.0138 −1.4E−4 3.9E−4
0.8 2.2255 −3.1E−4 3.1E−4
0.9 2.4596 −5.8E−4 1.6E−4
1.0 2.7183 −9.9E−5 0.0000
improvement is obtained by using the variational iteration method. It is noticeable that y1(x) is from just one iteration.
Higher accuracy can be obtained from higher iterations.
Example 2. The nonlinear BVP
y(v)(x) = e−xy2(x), 0 < x < 1 (12)
with boundary conditions
y(0) = 1 y′(0) = 1y′′(0) = 1 y(1) = e y′(1) = e. (13)
Suppose
y0(x) = 1+ (A+ Bx+ Cx2 + Dx3 + Ex4)ex (14)
and
f (x) = −(e−xy20(x)). (15)
According to Eq. (3), we also get
y1(x) = y0(x)+ (−1)5
∫ x
0
1
4! (s− x)
4f (s)ds (16)
and using the same method as for Example 1, we have
A = 0 B = 1 C = −0.5 D = −0.1408 E = 0.2830. (17)
The exact solution of the system (12) and (13) is
y(x) = ex. (18)
From Fig. 2 and Table 2, it is also clear that an improvement is obtained by using the variational iteration method as
compared to the sixth-degree B-spline method.
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Fig. 2. Comparison of the exact solution (y(x)) (continuous line) with the numerical solution (y1(x)) obtained by using the variational iteration method
(star line).
3. Conclusion
To summarize,we can conclude from the results thus obtained that themethod developed here bymeans of the computer
can be used successfully for finding the solution of fifth-order boundary value problems. This method is extremely simple,
quite easy to use, and gives a very good accuracy.
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